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Simple approaches to structure prediction

• Pauling‘s rules. Parthe rules. 
Valence electron concentration. 

• Bond valence model (I.D. Brown).

• Structure diagrams. 

• Computational prediction
-random sampling
-simulated annealing
-metadynamics
-minima hopping
-evolutionary algorithms

Mooser-Pearson diagram



Does 1st Pauling’s rule work?

Structure separation by ionic radii ratio



A bit more on structure diagrams
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Magic: Medeleev number and chemical scale

Pettifor diagram for AB compounds



Exciting statistics (Baur & Kassner, 1992)



To predict stable structure, we combine global 
optimization with density-functional calculations

Task: find structure with lowest 
possible thermodynamic potential:

E
H=E+PV
F=E-TS
G=E+PV-TS

Volumes
LDA: Mujica‘03

Transition pressures
LDA: Mujica‘03

Approximate density functionals (LDA, GGA) in many cases have 
sufficient accuracy



Crystal structure prediction: major unsolved problem.

Need to find GLOBAL energy minimum.
Trying all structures is impossible: Natoms Variants CPU time

1 1 1 sec.
10 1011 103 yrs.
20 1025 1017 yrs.
30 1039 1031 yrs.



Crystal structure prediction: What are we facing?

• Find lowest free energy 
structure from chemical 
composition

• High-dimensional problem. 
Dimensionality d = 3N + 3.

• Very sensitive to small 
changes

• Thus: HUGE and ‘noisy’ search 
space

• Don‘t have to search the whole 
configuration space

• Global minimum surrounded by 
many very good local minima

• Can assume some overall shape 
to which we can tune an approach

• Can easily calculate the energies 
from first principles

Example of a (very) simple landscape

After local optimization intrinsic 
dimensionality of landscape is reduced: 

d* = 3N + 3 – κ
d*=10.9 (d=39) for Au8Pd4, 
d*=11.6 (d=99) for Mg16O16, 
d*=32.5 (d=39) for Mg4N4H4. 

Complexity C ~ exp(βd*)
[Valle & ARO, in press (2010)]



Random sampling 
(Freeman & Catlow, 1992; van Eijck & Kroon, 2000; Pickard & Needs, 2006)
• No „learning“. Works well only for small problems (<30 degrees of freedom – e.g. 

10 atoms).  

Minima hopping (Gödecker 2004)
• Keep history of visited minima. Escape minima with MD, using feedback to 

control temperature
• Promising, but so far applied only to clusters. 

Metadynamics (Martonak, Laio, Parrinello 2003)
•Tabu search with reduced  dimensionality.

Simulated annealing (Pannetier 1990; Schön & Jansen 1996)
• Random walk. Ever decreasing probability to accept step to worse solution.
• No „learning“ - only current position as source of information!

Evolutionary algorithms
• Balance between exploration and exploitation. „Learning“ power.
• Depend critically on representation, variation operators etc.
• Early methods – Bush (1995), Woodley (2004), Gottwald & Likos (2005).
• Modern algorithm – ARO & Glass (2006). 



Global optimisation methods: Kangaroo’s climb to 
Mt. Everest (thanks to R. Clegg)

Hill climbing is like dropping a kangaroo somewhere on the
surface of the earth, telling it to only hop uphill and hoping it will
get to the top of mount Everest.



Simulated Annealing is like doing the same but getting the 
kangaroo very very drunk first.

hic

Global optimisation methods: Kangaroo’s climb to 
Mt. Everest



Evolutionary Algorithms are like taking a whole plane load of
kangaroos and letting them reproduce freely (not pictured)..... 

Global optimisation methods: Kangaroo’s climb to 
Mt. Everest



....and regularly shooting the ones at lower altitudes. 

Aaaargh!
Ouch

Global optimisation methods: Kangaroo’s climb to 
Mt. Everest



NASA:
Antenna designed with an evolutionary algorithm
outperforming any human design



Purely theoretical crystal structure prediction 
is now possible

3. Some applications

1. Evolutionary algorithm USPEX 2. Analysing results



1. Evolutionary algorithm USPEX
(Universal Structure Predictor: Evolutionary Xtallography)

ARO, Glass (2006). J. Chem. Phys. 124, art. 244704. 
Glass, ARO, Hansen (2006). Comp. Phys. Comm. 175, 713.













Basics of USPEX
• (Random) initial population
• Preselection to discard unphysical or redundant structures
• Relax all structures (VASP, SIESTA, GULP). Fitness value – relaxed (free) 

energy
• Select lowest-energy structures as parents for new generation
• Survival of the fittest

(1) Heredity

(2) Lattice mutation (3) Permutation



Graphite, correctly predicted 
to be the stable phase at 1 atm

Test 1: „Who would guess that graphite is the stable
allotrope of carbon at ordinary pressure?“ (Maddox, 1988)

Metastable sp2 forms, harder than diamond?
First proposed by R.Hoffmann (1983)

Low-energy structures 
reveal chemistry sp-hybridisation

(carbyne)
sp2-hybridisation sp3-hybridisation

[ARO & Glass, J.Chem.Phys. (2006)]

http://images.google.ch/imgres?imgurl=http://www.gowan-gallery.co.uk/fpdb/images/Brilliant%2520Diamond.jpg&imgrefurl=http://www.gowan-gallery.co.uk/JG-range.htm&h=170&w=180&sz=12&hl=de&start=20&tbnid=1TBgyJZ2L3IP_M:&tbnh=95&tbnw=101&prev=/images%3Fq%3Dbrilliant%2Bdiamond%26start%3D18%26ndsp%3D18%26svnum%3D10%26hl%3Dde%26lr%3D%26sa%3DN


Test 1: High-pressure phases of carbon are also 
successfully reproduced

2000 GPa: bc8 phase, potentially
important in astrophysics 

100 GPa: diamond is stable

Metastable bc8 form of Si
Is known (Kasper, 1964)

[ARO & Glass, J.Chem.Phys. (2006)]

+found metastable form 
that matches 
„superhard graphite“ of W.Mao
(Li, ARO, Ma, et al., PRL 2009)



Test 3: USPEX vs random sampling

Random structures, all locally optimised
Did NOT find PPV after 120000 steps

Search with USPEX
Found PPV after 600-950 steps

[Martonak, ARO & Glass, Phase Transitions (2007)]

Test case: 40-atom cell of MgSiO3 with fixed lattice parameters of post-perovskite



Test 3: USPEX is self-learning, self-improving

Best structure obtained after 120000 
steps Is not PPV

Search with USPEX
Found PPV after 600-950 steps

Test case: 40-atom cell of MgSiO3 with fixed lattice parameters of post-perovskite

[Martonak, ARO & Glass, Phase Transitions (2007)]



Test 3: USPEX is self-learning, self-improving

MgSiO3, 40 atoms/cell

40 atoms/cell. Ground state not found 
among 120‘000 random structures, but 
takes 600-950 structures with USPEX

MgSiO3, 80 atoms/cell

80 atoms/cell. Evolutionary runs take 
only ~3200 structures to find the 
ground state

[ARO & Glass, J. Phys. C (2008)]



Multicomponent systems: B2-FeSi is the only stable 
compound in the Fe-Si system at inner core pressures

[Zurek, Hoffmann, Ashcroft, ARO, Lyakhov, PNAS 106, 17640-17643 (2009)]

[Zhang & ARO, in press (2009)]

Surprise: LiH is unstable above 100 GPa. 
LiH8, LiH6 and LiH2 are

Fe-Si

Li-H



Extension: Simultaneous “single-shot” prediction of 
structures and compositions is possible

[rA/rB=0.5 and εAB>εAA=εBB]



2. Analysing the method 
and its results

ARO & Valle, J.Chem.Phys. (2009)



Fingerprinting method is the basis of our analysis
Fingerprint function is a 1D-descriptor of the structure: 

diffraction spectrum, PCF, ...

Difference between 2 structures is given by „distance“, e.g.:

[ARO & Valle, J. Chem. Phys. 130, 104504 (2009)]

Pedagogical cartoon
Real system (GaAs): correlation of energy and 
the distance from the ground-state structure 



The power of learning

GaAs, 8 atoms/cell

Finding ground state takes ~500 random 
structures, or 30 structures with USPEX

Similarity matrix (Valle’07):
Measure of structural diversity 
Symmetric, values in [0;1]
Colour coding: 0-blue, 1-red. Random sampling

Evolutionary run

[ARO et al., Psi-k Highlight (2007)]



Fingerprinting allows to monitor diversity and 
emergence of order from chaos in simulations

Increase of order during evolutionary simulation of GaAs

Diversity, measured by collective
quasi-entropy Scoll, should not 
decrease too fast

[ARO & Valle, J. Chem. Phys. 130, 104504 (2009)]



Grouping structures into similarity classes: 
quest for more insight in complex systems

Distance-preserving mapping 
of crystal structures of H2O
(darker – lowest E, lighter – higher E).

DNA grouping in Europe

[ARO & Valle, J. Chem. Phys. 130, 104504 (2009)]



From USPEX
-61.957 eV-61.960 eV

Visualizing energy landscapes
Au8Pd4 - simple L4J8 - complex

-99.12ε -99.05ε
Binary Lennard-Jones crystal (RL:RJ=1:2)

USPEX finds ground state in 250 attempts,
random sampling – in 5000 attempts[ARO & Valle, J. Chem. Phys. 130, 104504 (2009)]

Cluster expansion



3. Some applications

•Search for new materials

•Exploration of matter at extreme conditions

Illustrations of structure 
predictions at 
the GGA-PAW level 
of theory



Some of the applications done so far:



New forms of carbonates – main reservoirs 
of oxidized carbon in the Earth

Calcite structure
known

Aragonite
2-42 GPa, known

Post-aragonite
42-137 GPa, verified

C2221
>137 GPa, verified

ARO  et al.,  ARO  et al.,  EPSLEPSL 241, 95241, 95--103 (2006)103 (2006) and EPSL 273, 38-47 (2008)

CaCO3

phase II, mC60, 
82-122 GPa, verified

phase III, mP30, 
122-160 GPa, partly verified

MgCO3



• Random sampling (Pickard and Needs, PRL 2006):
P2/c (~40 GPa) → I41/a (50-263 GPa) → C2/c (>263 GPa)
• USPEX (Martinez, ARO et al., PRL 2009): 
P21/c (<25 GPa)→Fdd2 (25-55 GPa)→I41/a (55-220 GPa)→Pbcn (>220 GPa)

At 190 K: Tc=16.5 K
(earlier suggestions: >160 K)

C2/c structure has short H-H 
distances (0.87 Å) and TC = 64 K (!!!)
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[Gao, ARO, Ma, PRL 2008]

Germane is stable to 
decomposition at > 196 GPa

SiH4 and GeH4 show unusual behavior SiH4

GeH4



Cubic gauche (P213)
3D

Iba2 and Pba2
2D

P212121
3D

200 GPa       500 GPa

AlB2-type            KHg2-type
<190 GPa            >190 GPa
„graphite“ „lonsdaleite“

<188 GPa 188-320 GPa >320 GPa

Oscillating dimensionality in polymeric nitrogen 
(Ma, ARO, et al., PRL 2009)

MgB2 phases: „hole-doped carbons“. High-P „diamond“ phase is 
not superconducting (Ma, Wang, ARO,  PRB 2009)

N

MgB2



Boron is the most complex element. Even its 
discovery was full of troubles.

J.L. GayJ.L. Gay--LussacLussac H. DavyH. Davy

1808: J.L.Gay-Lussac and H.Davy
claim the discovery of a new 
chemical element - boron. 

H. Moissan

F. Wöhler

1895:1895: H. Moissan proves that the discovered substance was not H. Moissan proves that the discovered substance was not 
elemental boron and contained at most 50elemental boron and contained at most 50--60% of boron. 60% of boron. 
MoissanMoissan’’s material was later found to be less than 90% boron. s material was later found to be less than 90% boron. 

1858:1858: F. F. WWööhlerhler concludesconcludes that boron exists inthat boron exists in two forms two forms --
"diamond"diamond--like" and "graphitelike" and "graphite--like"; both were later found to be like"; both were later found to be 
compounds compounds -- AlBAlB1212 and Band B4848CC22Al, respectively. Al, respectively. 

2004:2004: 16 crystalline forms of boron are known (most believed 16 crystalline forms of boron are known (most believed 
to be compounds!). Stable forms still unknown.to be compounds!). Stable forms still unknown.

B

[ARO & Solozhenko, J. Superhard Mat. 31, 285-291 (2009)]



Located between metals and non-metals, 
boron is a frustrated element. As a compromise, 
it forms complex and unusual crystal structures. 

B



Boron forms a partially ionic phase above 10 GPa

2004: Chen & Solozhenko: synthesised new 
phase, structure could not be solved.

2006: ARO: found the structure, demonstrated 
that it is stable.

2008: Solozhenko, Kurakevych & ARO – its  
hardness is 50 GPa. 

B

Structure of partially ionic phase of boron: (B2)δ+(B12)δ-,
δ=+0.5 (Bader partitioning), +2.2 (Born dynamical charges).

The concept of 
electron-deficiency 
was devised to explain 
boron chemistry. ”it is 
the ideas that are 
deficient, not the 
electrons” (J.Burdett).

Red - theory, 
black - experiment



Phase diagram of boron 
(ARO et al, Nature 2009)

B
Phase diagram of boron seems to be clear – at last

Superconducting 
α-Ga-type phase
is purely theoretical 
and has yet to be 
synthesized

γ-B28 was probably 
observed in a largely 
discarded 1965 paper 
by R. Wentorf



B
Charge transfer is clear from the electronic structure

Unlike other forms of boron, ionic γ-B 
does not metallize even at very high pressure

Infrared spectra are entirely due to 
large dynamical charges on atoms

DOS
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B

Unlike other forms of boron, ionic γ-B 
does not metallize even at very high pressure

Infrared spectra are entirely due to 
large dynamical charges on atoms

DOS

Charge transfer is clear from the electronic structure



Sodium is an alkali metal, at normal conditions 
well described by the nearly free electron 

model



Sodium is an alkali metal, at normal conditions 
well described by the nearly free electron 

model

http://images.google.com/imgres?imgurl=http://www.abcbodybuilding.com/magazine03/sodium_files/sodium.jpg&imgrefurl=http://www.abcbodybuilding.com/magazine03/sodium.htm&usg=__qQudDoio67XXvk3pbRmctVdTUTM=&h=246&w=247&sz=15&hl=en&start=15&um=1&tbnid=upX3Y9mnc3XmJM:&tbnh=110&tbnw=110&prev=/images%3Fq%3Dsodium%26ndsp%3D20%26hl%3Den%26sa%3DN%26um%3D1


Sodium shows unexpectedly complex behavior under 
pressure

H. DavyH. Davy

1807: Discovered by Sir Humphrey Davy.

2002: Hanfland, Syassen, Novikov, 
Christensen found remarkably complex 
structures above 1 Mbar. 

2005: Gregoryanz et al. find melting curve 
minimum at ~1.2 Mbar
Does sodium become a d-metal?

This phase is a 1D-metal 
(Lazicki, PNAS 2009)

http://en.wikipedia.org/wiki/File:Nametal.JPG.jpg


A new phase was predicted in 2007 and subsequently 
synthesized at high pressure

Yanming Ma (Jilin University, China) Mikhail Eremets (MPI Mainz, Germany)



Theory predicts a new structure that is insulating and …
transparent!

Sodium becomes transparent at ~200 GPa
(Ma, Eremets, Oganov et al., Nature 2009)

Localized interestitial electron pairs make Na insulating. 
Structure – close packing of interstitial electron pairs!

hP4-Na structure: elemental analog of the NiAs structure. 
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Sodium becomes transparent at ~200 GPa
(Ma, Eremets, Oganov et al., Nature 2009)

Localized interestitial electron pairs make Na insulating. 
Structure – close packing of interstitial electron pairs!

Theory predicts a new structure that is insulating and …
transparent!

hP4-Na structure: elemental analog of the NiAs structure. 



Electron localization function shows 
strongly localized behavior of 
electrons in the „empty space“ in Na

The new structure is a strongly squeezed close packing 
with valence electron pairs occupying interstitials

An „electride“, a compound made of ionic cores and 
strongly localized interstitial electrons. What type of 
chemical bonding is this? 

core
core

core core

e

e
e

e

e

core
core

core
core

Pressure

Similar model was first proposed 
for Li by Neaton & Ashcroft (1999)

s-electrons

p,d-electrons



Food for thought…

How common are electride states
inside giant planets and stars?

Their poor electrical conductivity
can affect planetary magnetic fields

Becoming an insulator, sodium breaks
traditional view of the periodic table. 

Generally, the Periodic Law becomes 
invalid at ultrahigh pressures



USPEX is a powerful method
for structure prediction

Novel analysis tools 
give further insight

New interesting 
structures predicted

New users/developers are welcome:
1. Rapidly growing user/developers community. Now ~80 people.
2. Major ideas being developed/implemented right now. 
3. It is interfaced to VASP, SIESTA, GULP and scales on 103-105 CPUs.
4. State-of-the-art analytic tools. 
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USPEX can detect unmixing, when system is large enough 
and/or the tendency to unmixing is strong

No compounds are known in the Cu-C system.
Example of Cu2C with 12 atoms/cell:

Generation 10
2.65 eV

Generation 6
3.54 eV

Generation 1
4.68 eV

Generation 14
0 eV

[ARO et al., Psi-k Highlight (2007)]
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